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Statistic and Probability

COMPARISON OF LOGIT MODEL AND PROBIT
MODEL ON MULTIVARIATE BINARY RESPONSE

JAKA NUGRAHA

Dept. of Statistics, Islamic University of Indonesia, Kampus Terpadu Ull, JI. Kaliurang

Km.14, Yogyakarta, Indonesia. email : jk.nugraha@gmail.com

Abstract. On univariate binary response, Logit model is better interpretation
compared to Probit model. Logit model and Probit model may be used to
analyze same data sets for the same purpose but which model can perform better
analysis on multivariate binary data is an interesting topics to be studied. In this
study, a comparison of multivariate binary probit and logit models via a
simulation study was performed under different correlations between dependent
variables. We assume that each of n individual observed T response. Yir is "¢
response on i" individual/subject and each response is binary. Each subject has
covariate Xi (individual characteristic) and covariate Zij (characteristic of
alternative j). Individual response i can be represented by Yi=(Yii,....,Yir), Yit is
t"d response on i" individual/subject and each response is binary. In order to
simplify, we choose one of individual characteristics and alternative
characteristics. We studied effects of correlations using data simulation. General
Estimating Equations (GEE) was used to estimate the parameters in this study.
Data were generated by using software R.2.8.1 as well as the estimation on the
parameters. Based on the result, it can be concluded that estimator in the logit
model is equivalent to 1.63 on the probit model. Estimator of the correlation
base on Chaganty-Joe is more accurate compared to GEE base on Liang-Zeger.

Key words and Phrases : Random Utility Model, GEE, Simulated maximum
likelihood estimator, Newton-Raphson, GHK.

1. Introduction

Investigators often encounter a situation in which plausible statistical models
for observed data require an assumption of correlation between successive
measurements on the same subjects (longitudinal data) or related subjects
(clustered data) enrolled in clinical studies. Statistical models that fail to account
for correlation between repeated measures are likely to produce invalid inferences
since parameter estimates may not be consistent and standard error estimates may
be wrong!!!. Statistical methods that appropriate for analyzing repeated measures
include generalized estimating equations (GEE) and multi-level/mixed-linear
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models'?. GEE involves specifying a marginal mean model relating the response to
the covariates and a plausible correlation structure between responses at different
time periods (or within each cluster). Estimated Parameter thus obtained are
consistent irrespective of the underlying true correlation structure, but may be
inefficient when the correlation structure is misspecified”. GEE parameter
estimates are also sensitive to outliers™¥). Summary statistics derived from the
likelihood ratio test can be used to check model adequacy in cross-sectional data
analyses!'*). For mixed linear models, the process is often not straightforward due
to the complexities involved®. Model selection is difficult in GEE due to lack of
an absolute goodness-of-fit test to help in choosing the "best" model among several
plausible models *>7). For repeated binary responses, Barnhart and Williamson!”!
and Horton et al.'¥ proposed ad-hoc goodness-of-fit statistics which are extensions
of the Hosmer and Lemeshow method for cross-sectional logistic regression
modelst %,

Frequently, some dependent variables are observed in each individual. This
observation results the multivariate data. Research of multivariate binary response
models still gets a little attention, however the applications of multivariate binary
response model are mostly extensive. GEE can be implemented on multivariate
binary response. Variable Y; with i=1,..n and t=1,..T in panel data (longitudinal)
refer to the same variable. In multivariate binary response, Yj: refer to the different
variable (T variables)”. Nugraha et al. ”'” has tested properties of estimator of
bivariate logistic regression using MLE and GEE. Both of MLE and GEE are
consistent. Logistic model on multivariate binary data using GEE are more
efficient compared to the univariate approximation. From simulation data, it was
concluded that GEE was better than MLE, specifically GEE able to accommodate
the correlations and the GEE’s estimator was more precise than MLE.
Furthermore, Nugraha et al.'"'? discussed estimating parameter of Probit
model on multivariate binary response using simulated maximum likelihood estimator
(SMLE) methods to estimate the parameter based on Geweke-Hajivassiliou-Keane (GHK)
simulator. From computational side, simulation method applicable for Probit model is need
to be developed to overcome the limitation of GHK method. For this limitation,
Nugraha"3! have proposed mixed logit model. From simulation data, he conclude that
mixed logit model is better than logit model.

Based on the fact that GEE was acceptable than MLE and is widely
available in many statistical software applications, in this study, we compare the
probit model and logit model on multivariate binary response using simulation
data. In the R.2.8.1 program, the logit and probit models can be obtained by using
library(geepack) and library(mprobit). The geepack is the GEE that is based on
Liang-Zeger and the mprobit is the GEE that is based on Chaganty-Joe. Generating
data and estimating paremater using R 2.8.1 software!'*!.

2. Utility Model

We assume that each of n individual is observed for T response in that Yj is
t" response on i" individual/subject and each response is binary. Response for i™

individual can be represented by following statement:

Yi = (Yn,....,YiT)
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that is a vector of 1xT. Yi = 1 if i" subject and t* response choose the first
alternative and Y;j =0 if the subject choose the second alternative. Each subject has
covariate of X; (individual characteristic) and covariate of Zj (characteristic of
alternative j=0,1). In order to simplify, one of individual characteristic and one of
characteristic of alternative were chosen.

Utility of subject of i choose alternative of j on response t is
U= Vip+ ey fort=1,2,....T ; i=1,2,...,n ; j=0,1 9]
where
Viji = e +BieXi + viZie
Ui; is utility that it is latent variable and Vj; is named representative utility. In
Random Utility Model (RUM), assumption that decision maker (subject) choosing
alternative based on maximize utility, so equation (1) can represented in different
of utility,
Ui = Vit it 2)
where Vi = (ai-ator) + (B1e-Po) Xi + yi(Ziie - Zior) and &it = &1 - €ior.
Association between Y;; and Uj; is
yie = 1 <=> U > 0 <=> -Vj; < gy and yi = 0 <=> U; <0 <=> -V > &;;.
Probability of subject i choose (yii = 1,...., yir=1) is

=P(0 < Uj,..., 0 <Uir) = P(-Vi1 <é&ii,..., -Vitr < &i1)

PG = Loy =D=[ I(-V, <&,).f(&)ds, Vi 3

where €’ = (&il,..., &r). The value of probability is multiple integral T and depend
on parameters o, P, v distribution €.

Logit model derived by asumption that & have extreme value distribution
and independence each other. Density of extreme value (Gumbel) is

Eijt

fle,)=¢""e" 4)

Marginal probability (for some t and 1) is

P(y,'t — 1) — ﬂit _ eXp(KIZ)

= 5
[exp(Vg,) +exp(V,)] ©)

Probit model derived by assuming that vector glf has a multivariate normal
distribution with the mean of null and covarians of X. Density of ¢; is

F(e) =)= exp[—%e;zlei] ©

1
(272_)T/2 | Z |1/2
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Marginal probability (for some t and 1) is

i = P(yi=11Xi,Zi) = P(-Vi < &) = ®(Vi) @)

1
207

Vi 2
where ®(V,) = '[_ exp[- &, Me,

1
(27r0',2 )”2

3. Overview of GEE

Marginal models are often fitted using the GEE methodology, whereby the
relationship between the response and covariates is modeled separately from the
correlation between repeated measurements on the same individual®. The
correlation between successive measurements is modeled explicitly by assuming a
"correlation structure" or "working correlation matrix". The assumption of a
correlation structure facilitates the estimation of model parameters®. Examples of
working correlation matrices include: exchangeable, auto-regressive of order 1
(AR(1)), unstructured, and independent correlation structures'”. For binary data,
correlation is often measured in terms of odds ratios!'®). Details of the correlation
structure and response-covariate relationship are included in an expression known
as the quasi-likelihood function', which is iteratively solved to obtain parameter
estimates. Estimates obtained from the quasi-likelihood function are efficient when
the true correlation matrix is closely approximated. In other words, the large-
sample variance of the estimator reaches a Cramer-Rao type lower bound™.

GEE for 0 can present in form

G®) = zWiAiS;1 Y, -n';)=0 (8)

i=l1

1 1
W, =diag X, yeves X, and

1 1

(Zill _ZiOI) (ZilT _ZiOT)
A, Zdiag(”il(l_”il) ”iT(l_”iT))

Yi = (Yi,...,Yir); mi = (wWit,..., Tir); Si = A;/2RiA}/z;

A = diag|Var(V,) .. \Var(T,))

R; is working correlation matrix Y; and W; is an observation matrix.

[16]

To estimate R;, Liang and Zeger' ™ use vector of empirical corelation r;

with

— (Yts — ﬂ-is )(Ylt — 7Z—it)
" [”is (l — T )”it (1 - ”iz)]]/z ®
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Tist 18 usbias estimator for pig with 1= 1,2,..n and s,r=1,2,...T.

[17]

In probit model, Chaganti and Joe" "’ use

UNATRE UAA)
[V, )1 = )PV, )1 =0V, )] (1)

Kor(¥,.Y,) =

to estimate R;. If pis—= pst for all i then
R 13
Py =;Zﬁsz (11)
i=1

Equation (8) and (11) can be solved simultaneously for 0 and p.

4. Generating Simulation Data
We will generate simulation data with T=3. Then, the equations of utility are
Uiot = aot + PoXi + yiZioe + €io1 and Uiy = ot + PieXi + viZine + €int (12)

for i=1,...,.N; j=0,1 and t=1,...,3; &;;; ~Extreme Value Type I for logit model and
&ijr~N(0,1) for probit model. Equation (12) can be presented in difference of utility
Uit = Uii—Uior. On logit model, equations of utility difference are

U= a;+ BIXi + YtZit + &t (13)
where Zii = (Ziti— Zios); ou= lor- 01t 5Bt =Pot - Pt

We generate data on a.;=-1, a,=1, as=-1; B =0.5, B1 =-0.5, B:=0.5, y,=0.3,
v2=-0.3, y3=0.3  and some of correlations p =0;0.1;0.2;...; 0.9 using program
R.2.8.1. Utility 1 (Ui1) was correlated with utility 2 (Uiz) and both utility is not
correlated with utility 3 (Uis). Data 1 are obtained from gi~extreme value and Data
2 are obtained from &~N(0,1). For each of the data simulation, we estimate
parameter using logit model and probit model. GEE-1 are estimator of logit model
based on Liang-Zeger. GEE-2 are estimator of probit model based on Liang-Zeger.
GEE-3 are estimator of probit model based on Chaganty-Joe.

Those data can be further analyzed by using the program geepack and
mprobit, so the utility must be transformated in the form of:

T
Ui= (atDit +ﬂtXiDit +7,.(Zy, _Zilt)Dit) (14)
t=1

where D;; is dummy variable. D;i. =1 for r=t and D;; =0 for r#t, r=1,2,3. So

Ift=1then D;;=1and Dj,=D;3=0. Ift=2 then Dix =1 and D;; = D;3 =0. [f t=3
then Diz=1and Djyj=Dip =0

Ui = o+ BX + v Zie- Zioy)..
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5. Main Result

Discrete Choice Model (DCM) was prepared based on the of the error
distribution. So far there is no method to test the assumption of truth because the
utilities(U;) is also a latent variable can not be known by researchers in value.

5.1. Efek of ¢variation to the Estimator

Logit model is constructed based on the assumption that variance &; is
valued with 77° /3. The value of &, variance to the estimator is presented bellow.
Based on the simulation data, it can be remarked that the value of variance €; give
influence to the estimator. The bigger deviation of variace &, (from z°/3) can
affect to the resulted more bias estimator (bigger deviation). Suppose that Var(e;)
= o, where the utility model is

Uir= Vie + &
Logit model use the assumption that value of error variance is 7 /3, so the utility
model that will be estimated is

T T

4
U, = V. + &,
o 3 it (7\/3 it (7\/3 it
2
~ o~ T ~ T
U,=V,+¢, where Var(e,) = —
i t O'\/g ( t) 3

So, the estimator resulted will be deviated for (1— L) g.

o3

5.2. EFFECT OF CORRELATION TO THE ESTIMATOR

In advance simulation, data were generated on n=1000 with 5 replications on
each correlations of utility (0 to 0.9). From the simulation (Figure 1 to Figure 10),
it can be concluded that :

a. Estimator GEE-1 (in the logit model) is equivalent to 1.63 GEE-2 on the
probit model. From Data 2, On the Probit model using the assumption that
error (&) having normal standard distribution, the value of correlation
between utilities give no effect to the estimator properties. Estimator in the
logit model is equivalent to 1.64 on the probit model. This is caused by
differences in the size of the variansi error on logit model (c’=n*/6=1.645)
and variansi error in probit models (c>=1) (Table 1, Table 2 and Table 3).

b. Estimator of the correlation using GEE-3 is the most accurate (small bias)
compared to GEE-1 and GEE-2.. The estimator is not affected by the faulty
of error distribution assumptions. On GEE-1 and GEE-2, the estimator of
correlation tends to underestimate.

c. Estimator of the parameter o using GEE-3 is not accurate compared to
GEE-1 and GEE-2. But, estimator of the parameter [ and y using the third
method the results are relatively the same.

d. Utility 1 (Uj) was correlated with utility 2 (U;) and both utility is not
correlated with utility 3 (Ui3). Therefore the value of correlation was only
give effect to the parameters whitin Uiy and Up. On both utilities,
parameter estimation on the model have big deviation comparable to the
correlation value. Therefore the value of correlation was only give effect to
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the parameters whitin Uj; and Uj; on Logit and GEE-1. Estimator of the
parameter 3 and y using GEE-2 and GEE-3 are more accurate than Logit

and GEE-1
87
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Concluding Remarks

Based on the results, it can be concluded that estimator in the logit model is

equivalent to 1.63 on the probit model. Estimator of the correlation base on
Chaganty-Joe is more accurate compared to GEE base on Liang-Zeger. So, we
recommended to estimate correlation using GEE base on Chaganty-Joe and then
using GEE base on Liang-Zeger to estimate coefisien regression.
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